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1
ABSTRACT
The integrals
(
λ1 λ2 λ3
0 0 0
) ∫∞
0 r
λ3+1 e−αr jλ1(k1r) jλ2(k2r) dr and(
λ1 λ2 λ3
0 0 0
) ∫∞
0 r
λ3+2 e−αr jλ1(k1r) jλ2(k2r) dr are evaluated analytically. The
result is a finite sum over the associated Legendre function of the second kind.
2
1. Introduction
There has been recent interest [1] in the integral
∫∞
0 r
n e−αr jλ1(k1r) jλ2(k2r) dr,
such that n, λ1, λ2 are integers, α, k1, k2 are positive real numbers and n+λ1+λ2 ≥ 0
to ensure convergence. In the aforementioned reference, a novel symbolic integration
method is used in conjunction with Mathematica. The integral has also been solved
numerically in another recent reference [2]. In this paper, an alternative approach is
shown resulting in a simple expression.
2. Evaluation of the Integral
An earlier result [3] showed that an infinite integral over 3 spherical Bessel functions
can be written as
(
λ1 λ2 λ3
0 0 0
) ∞∫
0
r2 jλ1(k1r) jλ2(k2r) jλ3(k3r) dr =
piβ(∆)
4k1k2k3
iλ1+λ2−λ3
× (2λ3 + 1)
1/2
(
k1
k3
)λ3 λ3∑
L=0
(
2λ3
2L
)1/2(
k2
k1
)L∑
l
(2l + 1)
(
λ1 λ3 − L l
0 0 0
)
×
(
λ2 L l
0 0 0
) {
λ1 λ2 λ3
L λ3 − L l
}
Pl(∆),
(2.1)
where ∆ = (k21 + k
2
2 − k
2
3)/2k1k2, Pl(x) is a Legendre polynomial of order l,(
λ1 λ2 λ3
0 0 0
)
is a 3j symbol and
{
λ1 λ2 λ3
L λ3 −L l
}
is a 6j symbol which can be
found in any standard angular momentum text [4, 5]. Using the Closure Relation of
the spherical Bessel functions
∞∫
0
k2 jL(kr) jL(kr
′) dk =
pi
2r2
δ(r − r′), (2.2)
3
one can write
∞∫
0
rλ3+1 e−αr jλ1(k1r) jλ2(k2r) dr =
2
pi
∞∫
0
k3
2 dk3

 ∞∫
0
rλ3+1 e−αr jλ3(k3r) dr


×

 ∞∫
0
r2 jλ1(k1r) jλ2(k2r) jλ3(k3r) dr

 .
(2.3)
From reference [6] one obtains
∞∫
0
rλ3+1 e−αr jλ3(k3r) dr =
(2k3)
λ3 λ3!
(k23 + α
2)λ3+1
. (2.4)
Hence,
(
λ1 λ2 λ3
0 0 0
) ∞∫
0
rλ3+1 e−αr jλ1(k1r) jλ2(k2r) dr =
(2k1)
λ3−1 (λ3!)
k2
iλ1+λ2−λ3
× (2λ3 + 1)
1/2
λ3∑
L=0
(
2λ3
2L
)1/2(
k2
k1
)L∑
l
(2l + 1)
(
λ1 λ3 − L l
0 0 0
)
×
(
λ2 L l
0 0 0
) {
λ1 λ2 λ3
L λ3 −L l
} ∞∫
0
β(∆)
k3
(k23 + α
2)λ3+1
Pl(∆)dk3.
(2.5)
Substituting k23 = k
2
1 + k
2
2 − 2k1k2∆ and changing the variable of integration from k3
to ∆, where k3dk3 = −k1k2d∆, results in
∞∫
0
β(∆)
k3
(k23 + α
2)λ3+1
Pl(∆)dk3 =
1
(2k1k2)λ3
(1− y2)−λ3/2
λ3!
Qλ3l (y), (2.6)
where
1∫
−1
PL(x)
(y − x)λ
dx =
2(1− y2)−(λ−1)/2
(λ− 1)!
Qλ−1L (y), (2.7)
where QML (y) is the associated Legendre function of the second kind, and y ≡
k21+k
2
2+α
2
2k1k2
.
4
The result is
(
λ1 λ2 λ3
0 0 0
) ∞∫
0
rλ3+1 e−αr jλ1(k1r) jλ2(k2r) dr =
(1− y2)−λ3/2
2k1k
λ3+1
2
iλ1+λ2−λ3
× (2λ3 + 1)
1/2
λ3∑
L=0
(
2λ3
2L
)1/2(
k2
k1
)L∑
l
(2l + 1)
(
λ1 λ3 −L l
0 0 0
)
×
(
λ2 L l
0 0 0
) {
λ1 λ2 λ3
L λ3 − L l
}
Qλ3l (y).
(2.8)
A special case of eq. (2.8) is when λ3 = 0 which leads to
∞∫
0
r e−αr jL(k1r) jL(k2r) dr =
1
2k1k2
QL(
k21 + k
2
2 + α
2
2k1k2
). (2.9)
As α → 0 and λ3 = 1, eq. (2.8) has a singularity when k1 = k2 as noted in reference
[7]. In eq. (2.8), this singularity is due to the factor of (1 − y2)−λ3/2Qλ3l (y). Taking
the derivative with respect to α on both sides of eq. (2.4) leads to
∞∫
0
rλ3+2 e−αr jλ3(k3r) dr =
2α(2k3)
λ3 (λ3 + 1)!
(k23 + α
2)λ3+2
. (2.10)
Using the same approach as before one arrives at
(
λ1 λ2 λ3
0 0 0
) ∞∫
0
rλ3+2 e−αr jλ1(k1r) jλ2(k2r) dr =
α(1− y2)−(λ3+1)/2
2k21k
λ3+2
2
iλ1+λ2−λ3
× (2λ3 + 1)
1/2
λ3∑
L=0
(
2λ3
2L
)1/2(
k2
k1
)L∑
l
(2l + 1)
(
λ1 λ3 − L l
0 0 0
)
×
(
λ2 L l
0 0 0
) {
λ1 λ2 λ3
L λ3 −L l
}
Qλ3+1l (y).
(2.11)
5
Comparing eqs. (2.8) and (2.11) one reaches
∞∫
y
(1− y2)−(L+1)/2QL+1l (y)dy = (1− y
2)−L/2QLl (y). (2.12)
3. Conclusions
Using the Closure Relation of the spherical Bessel functions, an analytical result is
obtained for the integrals
(
λ1 λ2 λ3
0 0 0
) ∫∞
0 r
λ3+1 e−αr jλ1(k1r) jλ2(k2r) dr and(
λ1 λ2 λ3
0 0 0
) ∫∞
0 r
λ3+2 e−αr jλ1(k1r) jλ2(k2r) dr. Work is in progress to obtain
integrals of the form
(
λ1 λ2 λ3
0 0 0
) ∫∞
0 r
−λ3 e−αr jλ1(k1r) jλ2(k2r) dr.
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